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Abstract. We describe a large model system, based on the baker transformation, where
deterministic diffusion occurs. The model is similar to one recently considered by Gaspard, and
by Hasegawa and Driebe. We point out the close relationship between this system and a simple
random walk, and analyse the evolution with time of ensembles in the system using the resolvent-
based version of the ‘subdynamics’ formalism developed by Prigogine and his collaborators. We
obtain an exact and rigorous description of the long-time behaviour of ensembles, including the
irreversible approach to equilibrium, for the case where the system has finite size. We also
consider the ‘thermodynamic’ limit where the size of the system becomes infinite, and derive a
description of the long-time behaviour in this case, where correlations decay non-exponentially
with time.

1. Introduction

The subject of this paper is the process by which diffusion arises from microscopic
chaos. Our model is a discrete-time dynamical system, based on the well known baker
transformation (Arnold and Avez 1968). The model is deterministic and reversible, but
we show that a certain class of ensembles approaches equilibrium irreversibly. The model
system is spatially extended, consisting ofN cells arranged in a line. For finiteN , the
decay of correlations with time is exponential, but in the limitN →∞, the decay becomes
non-exponential.

A similar model system was devised by Gaspard (1992). Using the theory of resonances
in dynamical systems, he showed that the longest-lived resonances corresponded to the
eigenvalues of a phenomenological diffusion equation. Both Gaspard (1993) and Hasegawa
and Driebe (1994) gave a spectral decomposition of the evolution operator for Gaspard’s
system.

Other authors have also considered the relationship between diffusion and chaos. A
commonly used model, rather more physical than the one employed here, is the Lorentz gas.
Garrido and Gallavotti (1994) carried out a recent numerical study of this system. Gaspard
(1993) also considered a variant of the Lorentz gas, the ‘Lorentz channel’. Schuster (1988)
treated a simple discrete-time model of deterministic diffusion, and Giesel and Nierwetberg
(1982) found universal features of the onset of diffusive behaviour as a parameter is varied.
We shall be concerned not with the onset of diffusion, but with the way in which apparently
random large-scale behaviour emerges from chaotic dynamics on a small scale.
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In this paper, after introducing the dynamical system, we show that it is closely related
to the stochastic process generated by a simple Markovian random walk on the integers. The
link between the deterministic dynamical system and the stochastic process of the random
walk is a central theme of this paper. The link is strengthened in section 3.2, when we
derive a kinetic equation. This kinetic equation is the same as the evolution equation for
the random walk, and is obeyed exactly at long times by a certain reduced description of
ensembles in our model system.

The main part of this paper is concerned with applying the ‘subdynamics’, or ‘Brussels’
formalism developed by Prigogine and his collaborators. Using this formalism, we describe
the long-time behaviour of ensembles in our model system, for finiteN . The use of symbolic
dynamics simplifies the work. To make mathematical sense, the subdynamics theory must
be placed in a well-defined space of ensembles. Certain steps in the application of the theory
can be justified only if the linear operators involved (such as the time evolution operator)
satisfy mathematical conditions formulated in this space. As we go through the process of
applying the theory in section 3, we note the conditions required to justify these steps. In
section 4, we construct a space of ensembles in which the required conditions hold, and
hence show that the ‘subdynamics’ description of the long-time behaviour of ensembles is
correct, at least for ensembles contained in the space.

In all discrete-time systems to which the subdynamics formalism has been applied
previously, the decay of ensembles is exponential at long times. This is the case where
the application of the subdynamics formalism is most straightforward. The spectrum of
the evolution operator is discrete, and each exponentially decaying mode in the system
corresponds to a single simple pole in the resolvent. For finite values ofN , this is also
true for the model system we consider here. However, in the limitN → ∞, the discrete
spectrum becomes continuous and the decay of correlations becomes non-exponential at long
times. As far as the authors know, this is the first case where the subdynamics formalism
has been applied to a discrete-time system where correlations decay non-exponentially with
time.

Some previous work on the application of the theory of subdynamics, and related
methods, to discrete-time dynamical systems has been done by Hasegawa and Saphir (1992),
Antoniou and Tasaki (1993), and Hasegawa and Driebe (1994). The approach taken by these
authors is to work with matrix elements of operators in a structure known as a rigged Hilbert
space. Here, as in our previous paper (Evans and Coveney 1995), rather than working with
matrix elements we consider bounded linear operators on a Banach space of ensembles.

2. The deterministic random walk

2.1. The dynamical system

We now describe the simple model of deterministic diffusion which is the subject of this
paper. The model is a discrete-time dynamical system, defined by a phase space0, and a
mapT from 0 onto itself. T carries phase-space points forwards in time: ifx ∈ 0 is the
state of the system at timet , thenT x is the state at timet + 1. For our system, the phase
space isN copies of the unit square

{(x, y) : 06 x < 1, 06 y < 1}. (1)

These copies are arranged in a row, and labelled with integersr running from 1 toN .
We use periodic boundary conditions to simplify the calculations; however the boundary
conditions will make no difference in the limitN → ∞, because in this limit an initially
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Figure 1. The phase space for the DRW.

Figure 2. The first stage of the mapT .

localized distribution never reaches the boundary.
A point in the phase space is specified by three variables(r, x, y), with r labelling the

square, and(x, y) giving a point in the square (figure 1).
The dynamical mapT can be visualized as a geometrical operation on the phase space

in two steps. The first step is to move the left-hand half of each square one space to the
left, and the right-hand half one space to the right (figure 2).

The second step is to perform a baker transformation twice successively in each square.
The baker transformation is the mapping

B(x, y) =


(

2x,
y

2

)
if x < 1

2(
2x − 1,

y

2
+ 1

2

)
if x > 1

2.
(2)

As a dynamical system, the baker transformation is highly chaotic. It belongs to the class
of systems known in ergodic theory as Bernoulli automorphisms (Petersen 1983). Such
systems are ergodic and mixing.

To visualize the baker transformation, imagine squashing the unit square to half its
original height, also stretching it out horizontally so that its area is unchanged. Then break
off the right-hand half of the rectangle and place it on top of the left half, again forming a
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Figure 3. The baker transformation.

square (figure 3).
The baker transformation is easy to analyse because of its simple symbolic dynamics.

Any point in the unit squareS can be described by a bi-infinite string of binary digits
. . . ω−2ω−1ω0ω1 . . . . The infinite stringω1ω2ω3 . . . is the binary expansion ofx, and
ω0ω−1ω−2 . . . is y in binary. The baker transformation is then a shift of the string one
place to the left:

(Bω)i = ωi+1. (3)

If we write a single point in the row of unit squares as(r, ω), wherer specifies a square
andω a point in the square, then the mapT is described by the equation

T (r, ω) = (r − (−1)ω1, B2ω). (4)

We will refer to the dynamical system described by the mapT as the deterministic random
walk (DRW). The relationship between this system and the random walk is described in
section 2.4.

In physical terms, one may think of the system as a crude model of an ideal gas,
contained in a vessel which consists of a series of chambers, each linked to the next by a
hole (figure 4). Penrose and Coveney (1994) gave a similar physical picture for their ‘pastry-
cook’ transformation. Over long time periods and on large length scales, we intuitively
expect that the details of the deterministic motion will be unimportant. A coarse-grained
picture of the dynamics should look like a simple random walk between the boxes. More
generally, the DRW is intended to represent any physical system where diffusive behaviour
on a large scale results from microscopic deterministic chaos. This is common in nature:
turbulence, the conduction of heat, and diffusion are examples.
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Figure 4. A physical picture of the DRW model.

Using two successive baker transformations, rather than just one, speeds the decay to
equilibrium of non-uniformities in the(x, y) dependence of ensembles. This is necessary
because when only one baker transformation is used, the diffusive behaviour which is the
main subject of this paper does not always dominate the long-time behaviour of ensembles.
The mixing of the(x, y) coordinates in the phase space is so slow that it may significantly
influence the long-time behaviour. This point is discussed in section 4.5.

The idea of coupling strings of baker transformations together to build a model system
of this kind is not new. Elskens and Kapral (1985) devised a system of three coupled baker
transformations, and recently we have studied a system of two coupled baker transformations
in collaboration with Penrose (Penrose and Coveney 1994, Evans and Coveney 1995).
A slightly more complicated version of this system is discussed in Coveney and Evans
(1994). The system that is the subject of this paper differs only in detail from the ‘multi-
baker map’ of Gaspard (1992), both systems being constructed by linking chains of baker
transformations. Gaspard’s work was mainly concerned with the theory of resonances in
dynamical systems. Vollmeret al (1997) also analysed the effect of coarse-graining on the
entropy production in a similar model, and considered the implications for non-equilibrium
statistical mechanics.

2.2. Dynamics of ensembles

For the DRW, an ensemble is represented by a functionρ(r, ω). Physically, an ensemble
should be a non-negative integrable function, but it will be convenient to work with a larger
space which includes functions that may be negative, and some objects that are not functions
but linear functionals (distributions). This space is defined in detail in section 4. We define
an evolution operatorU which carries ensembles forward in time in the same way thatT

carries points:

Uρ(x) = ρ(T −1x). (5)

For the DRW, we have

Uρ(r, ω) = ρ(r + (−1)ω−1, B−2ω). (6)

A Fourier transform representation ofρ is useful:

ρθ (ω) =
∑
r

ρ(ω, r)e−irθ . (7)

If N , the range ofr, is finite, then the inverse transform is

ρ(ω, r) = 1

N

N∑
p=1

ρθ (ω)e
iθpr (8)

whereθp = 2πp/N . If we let N →∞, then we have

ρ(ω, r) = 1

2π

∫ 2π

0
dθ ρθ (ω)e

iθr . (9)
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We will assume that all density functionsρ are real, so thatρ−θ (ω) = ρ∗θ (ω).
The action ofU on this representation is

Uρ(ω, r) = 1

N

N∑
p=1

[eis−1(ω)θpρθp (B
−2ω)]eirθp (10)

where

si(ω) = (−1)ωi . (11)

2.3. The reduced description

The subdynamics theory employs a reduced description of the system, which is determined
by the probability densityρ(x) but carries less information. An example of such a
description in statistical mechanics is the one-particle distribution function in the Boltzmann
equation. The reduced description is specified by a projection operatorP , satisfying
P 2 = P . Its complementQ = 1− P is also a projector. We chooseP so that information
about the most slowly changing variables in the system is contained inPρ. The procedure
which we follow in section 3 then gives us the long-time behaviour of ensembles over the
dynamical system’s phase space.

It is not always obvious how to choose an appropriate projectorP for a given dynamical
system. Since the success of the subdynamics formalism depends on this choice, care is
necessary. In Evans and Coveney (1995), we have given an example of how an inappropriate
choice can lead to incorrect results. In section 4.5 we shall see that the same is true for the
DRW.

For the DRW, our choice of reduced description is motivated by the analogy between
the system and the diffusive processes mentioned in section 2.1. We choose a description
which contains information only on the way particles are distributed between boxes, and
not on the distribution within each box. We hope that this coarse-grained description will
satisfy a simple kinetic equation over large timescales. This kinetic equation is derived in
section 3.2.

For the DRW, we define the operatorP , acting on an ensembleρ, by

Pρ(x, y, r) =
∫

dx dy ρ(x, y, r)

= 〈ρ〉 (12)

where 〈· · ·〉 is used as shorthand for integration over the unit square. The function
p(r) = Pρ depends only onr, and not onx or y. For anyr, p(r) gives us the probability
of finding a particle in the box labelled byr.

The integral can also be expressed in terms of the symbolic sequenceω:

〈f 〉 =
∫

dx dy f (x, y)

= lim
n→∞

1

22n+1

∑
ω−n=0,1

. . .
∑
ωn=0,1

f (ω). (13)

Using the symbolic description in terms ofω, and the Fourier transform representation
of equation (7), we can find expressions for the operatorsPUtP which give the action of
U in theP -subspace. From equations (10) and (12), we have

UPρ(ω, r) = 1

N

N∑
p=1

[eis−1(ω)θp 〈ρθp 〉]eirθp (14)
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and

PUPρ(ω, r) = 1

N

N∑
p=1

[cosθp〈ρθp 〉]eirθp (15)

since

Peis−1(ω)θp = 〈eis−1(ω)θp 〉 = cosθp. (16)

In the same way, we can show that fort > 0,

PUtPρ(ω, r) = 1

N

N∑
p=1

[cost θp〈ρθp 〉]eirθp (17)

so that(PUP )t = PUtP . This property of the projection operatorP will greatly simplify
future calculations.

2.4. The random walk

We now compare theP -subspace dynamics of the DRW with a simple Markovian random
walk on the integersr, defined as follows.

Let an integerr be the state of the system at timet . Then the state at timet + 1 is
determined by tossing a coin and adding 1 tor if the coin shows a head, and subtracting 1
otherwise. An ensemble is represented by a functionf (r). The evolution operator for this
system isV , where

Vf (r) = 1
2[f (r + 1)+ f (r − 1)]. (18)

By applying this operator to the Fourier represention (equation (7)), we can show that the
action ofV t on a functionf (r) is the same as the action ofPUtP , as in equation (17).
Hence, for any functionf (r), and for each positive integert ,

PUtPf (r) = V tf (r). (19)

That is, the action ofU in theP -subspace is the same as that of the evolution operator for
a simple random walk.

Another way of stating this result is if we start att = 0 with an ensembleρ(r) which is
independent ofω, then the reduced description of the ensemble at timet , given byPUtρ(r),
is the same as ifρ had evolved according to the simple random walk. This is why we refer
to the system described byT andU as a ‘deterministic random walk’. The dynamics of the
DRW are completely deterministic, but the behaviour of the reduced description defined by
P is the same as for a random walk. This also suggests that for infiniteN , non-exponential
decay will arise in the DRW in the same way that diffusive behaviour emerges from a
random walk.

3. Subdynamics

In this section, we apply the subdynamics formalism to find the long-time behaviour of
ensembles in the deterministic random walk. We shall not give details of the mathematical
background to the formalism in this paper. The discrete-time version of the theory used here
has also been used in Evans and Coveney (1995), and analysed in detail by Bandtlow and
Coveney (1994). Balescu’s book (1975) contains a treatment of the continuous-time version
of the formalism, with applications to statistical mechanics, as it stood in the mid 1970s.
A more concise and critical account is given by Obcemea and Brändas (1983). A recent
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formulation of the theory, not involving the resolvent, has been considered by Petrosky and
Hasegawa (1989) and Antoniou and Tasaki (1993).

As we describe the subdynamics calculations, we shall note some mathematical
assumptions that are necessary. These assumptions are bounds on linear operators such
as the evolution operatorU . In section 4, we construct a Banach space of ensembles in
which these conditions are satisfied.

3.1. P -subspace operators

A central object in the theory is the resolvent operatorR(z) = 1/(z−U). If U is a bounded
operator on a Banach space, then the resolvent, considered as a function on a subset of the
complex plane taking values in the space of bounded operators, is holomorphic at infinity
and has a Laurent series expansion given by

R(z) =
∞∑
t=0

Ut

zt+1
. (20)

This expansion is valid when|z| > ‖U‖, where‖U‖ is the operator norm ofU (Reed and
Simon 1972). The boundedness ofU is the first condition which must be satisfied by the
space of ensembles defined in section 4.

In applying the subdynamics theory to a specific system, we first find an expression for
the P -projection of the resolvent,PR(z)P . We think of PR(z)P , and otherP -subspace
operators such asψ(z), as operating not on the full set of possible ensembles, but on the
P -subspace, which is RanP , the range ofP . WhenN is the number of cells in the DRW’s
phase space, the dimension of RanP isN . We can therefore write theP -subspace operators
asN × N matrices operating on some basis of this finite-dimensional space. The question
of which space of ensemblesU acts upon does not influence this representation, so long as
RanP is included in the space.

Each singularity of the operatorPR(z)P marks a decaying ‘mode’ in theP -subspace.
If the singularities are simple poleszi , as for the DRW whenN is finite, then each mode
decays exponentially with time, aszti .

From equations (17) and (20), we find that

PR(z)Pρ(ω, r) = 1

N

N∑
p=1

eirθp

[
1

z− cosθp
〈ρθp 〉

]
. (21)

SinceP is bounded, this equation is valid where equation (20) is valid; that is, for|z| > ‖U‖.
However, the right-hand side of equation (21) is a holomorphic function on the entire
complex plane except at the poleszp = cosθp. Thus equation (21) defines a meromorphic
continuation ofPR(z)P from the region|z| > ‖U‖ to the entire complex plane. This
continuation is the meromorphic function referred to in proposition 1 of Bandtlow and
Coveney (1994), and therefore gives a correct representation ofPR(z)P in the region
|z| > ‖QUQ‖.

We now wish to obtain an operator which is related toPR(z)P , but which takes into
account only the most slowly decaying modes in the system’s evolution. Since each pole of
equation (21) atzp = cosθp gives rise to a mode which decays exponentially as(cosθp)t ,
we retain the poles which have| cosθp| > λ, and discard the others, whereλ is a threshold
value. Provided we chooseλ > ‖QUQ‖, these poles are in the domain of validity of
equation (21) and are therefore shared byPR(z)P . We thus obtain an operatorW(z),
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defined by

W(z)ρ(ω, r) = 1

N

∑
p:| cosθp |>λ

eirθp

[
1

z− cosθp
〈ρθp 〉

]
. (22)

This operatorW(z) is usually written asP6(z)P , because it is related by the equation

W(z) = P6(z)P (23)

to an asymptotic operator6(z) which we shall construct later. However, for the moment
W(z) should be thought of simply as an operator from theP -subspace into itself which
contains information about long-time behaviour in theP -subspace.

The collision operatorψ(z) is a measure of the influence of theQ-subspace on the
P -subspace dynamics. It is defined by

ψ(z) = PUQ 1

z−QUQQUP. (24)

Since (see Bandtlow and Coveney 1994),

PR(z)P = P 1

z− PUP − ψ(z)P (25)

we can show using equation (21) thatψ(z) = 0, this conclusion also being valid for
|z| > ‖QUQ‖.

As we stated earlier, theseP -subspace operators can be defined independently of the
function space used as the domain ofU . An important stage of the subdynamics procedure
is to extend the long-time description given byW(z) from the P -subspace into the full
function space. This is the subject of section 3.3.

3.2. The kinetic equation

In statistical mechanics, the most important purpose of the subdynamics formalism is the
derivation of kinetic equations such as the Boltzmann equation (Balescu 1975). Although
for a discrete-time system it is not possible to find differential equations for the evolution
of parts of the probability distribution, there is a discrete-time difference equation which is
closely analogous to the continuous-time kinetic equation derived using subdynamics.

In this case, whereψ(z) = 0, the equation is simply

ρ̃t+1 = PUP ρ̃t (26)

as we have shown in an earlier paper (Evans and Coveney 1995). This is a closed kinetic
equation for the evolution of theP -subspace component of the mode that dominates the
long-time behaviour. In the long-time limit, the reduced distribution

ρ̃t (r) = 〈ρt (ω, r)〉 = Pρt(ω, r) (27)

converges to a solution of this equation. SinceV = PUP , whereV is the evolution
operator for the random walk of section 2.4, in the long-time limit the reduced distribution
function evolves according to

ρ̃t+1(r) = V ρ̃t (r) (28)

as if it is governed by a random walk.
This result strengthens the connection between the DRW and the simple random walk.

In section 2.4, we noted that for any ensembleρ(r) which is independent ofω at t = 0,
the reduced description at timet is the same as ifρ had evolved according to the simple
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random walk. Now we see that for a more general class of ensemblesρ(r, ω) at t = 0, at
long times the reduced description converges to the behaviour of a simple random walk.

At this point, we have not constructed the mathematical framework of the theory, so we
do not yet know for which ensemblesρ(r, ω) this conclusion is valid. This mathematical
framework is the subject of section 4. There, we shall see that the theory is valid only when
the number of cellsN is 5 or greater than 6, and only for certain classes of ensemblesρ.

In the remaining part of section 3, we give a more complete description of the long-time
behaviour of ensembles in the DRW.

3.3. Moving out of theP -subspace

Since theP -subspace was chosen so that it included the ‘slow variables’ of the system,
we would expect that those modes included inW(z) dominate the long-time behaviour,
even outside theP -subspace. The next step is therefore to extendW(z) to include the
Q-subspace, giving an asymptotic operator6(z) such thatW(z) = P6(z)P . In section 4,
we show that this operator does indeed give an accurate representation of the long-time
behaviour of ensembles.

The equation which allows this extension to be carried out is the ‘Brussels
decomposition’:

R(z) = [P + C(z)]PR(z)P [P +D(z)] + S(z). (29)

For details of the derivation of this equation, see Bandtlow and Coveney (1994). The
operatorsS(z) = Q[1/(z−QUQ)]Q, C(z) = S(z)UP andD(z) = PUS(z) are known as
the reduced resolvent, the creation operator, and the destruction operator. These operators
are holomorphic in the region|z| > ||QUQ||. Bandtlow and Coveney showed that
equation (29) is valid in this region of the complex plane.

BecauseC(z), D(z) and S(z) are holomorphic in this region, (29) implies that the
only singularities ofR(z) in the region|z| > ||QUQ|| are simple poles at the location
of the simple poles inPR(z)P . Each of these poles represents a decaying mode of the
evolution described byU . We can therefore construct an asymptotic operator6(z) using
equation (29). We setλ = ‖QUQ‖ and let

Wj = lim
z→zj

(z− zj )PR(z)P (30)

be the residue at each simple polezj of W(z), and then construct6(z) by

6(z) =
∑
zj

[P + C(zj )] Wj

(z− zj ) [P +D(zj )] (31)

where the sum is over the poles ofW(z). The operator6(z) then has exactly the same
singularities asR(z) in the region |z| > ‖QUQ‖. We can find the time dependence
of the modes described by6(z) by performing the inverse to the transform operation of
equation (20). We thus obtain a time-dependent asymptotic operator6t :

6t =
∮
zt6(z) dz (32)

where the integral is around a contour in the complex plane enclosing the unit circle.
The operator6t , gives an asymptotic description of the long-time behaviour of

ensembles. In other words, for the class of ensemblesρ(x, y, r) for which the theory
is valid (see section 4),

lim
t→∞‖U

tρ −6tρ‖ = 0 (33)
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where the limit is in the topology of the Banach space described in section 4. As we shall
see, we can also show, for finiteN , that the convergence of the limit in equation (33) is
exponential. Settingt = 0 in the operator6t yields the operator5, a projection operator
which, when applied to any ensemble, yields the component of that ensemble which controls
the long-time behaviour. For more details, see Bandtlow and Coveney (1994) and Evans
and Coveney (1995).

All the calculations in this section have depended on the condition thatQUQ is bounded,
and that‖QUQ‖ is small enough so that some of the singularities ofW(z) lie in the region
|z| > ‖QUQ‖. This is the second condition that will be considered in section 4.

3.4. Creation and destruction operators

We now use the Fourier representation of section 2.2 to find expressions for the creation
and destruction operatorsC(z) andD(z). First, we consider the creation operatorC(z),
which has a Laurent expansion

C(z) =
∞∑
t=1

(
QU

z

)t
P (34)

valid for |z| > ‖QUQ‖. Sinceψ(z) = 0, we havePU(QU)kP = 0 for everyk > 0, and
so

(QU)kQUP = UkQUP. (35)

Hence

C(z) = 1

z

∞∑
t=0

(
U

z

)t
QUP. (36)

Using the results of section 2.2, we can show that

UtQUPρ(r, ω) = 1

N

N∑
p=1

eiθpreiθp(s(1−2t)+s(3−2t)+···+s−1)(eiθps(−1−2t) − cosθp)〈ρθ (ω)〉. (37)

Combining equations (36) and (37), we obtain

C(z)ρ(r, ω) = lim
K→∞

1

N

N∑
p=1

eiθpr〈ρθ (ω)〉AK(z) (38)

where

AK(z) = 1

z

K∑
t=0

eiθp(s(1−2t)+s(3−2t)+···s−1)(eiθps(−1−2t) − cosθp)z
−t

= 1

z
(z− cosθp)

K∑
t=0

1

zt
eiθp(s−1+s−3+···s(1−2t)) + 1

zK+1
eiθp(s−1+s−3+···s(1−2K)) − 1. (39)

Hence

[P + C(z)]ρ(r, ω) = lim
K→∞

1

N

N∑
p=1

eiθpr〈ρθ (ω)〉
[
z−Keiθp(s−1+s−3+···+s(1−2K))

+
K−1∑
t=0

1

zt+1
(z− cosθp)e

iθp(s−1+s−3+···+s(1−2t))

]
. (40)
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A similar calculation shows that

[D(z)+ P ]ρ(r, ω) = lim
K→∞

1

N

N∑
p=1

eiθpr

[
z−K〈eiθp(s−1+s−3+···+s(1−2K))ρθp (B

−2Kω)〉

+
K−1∑
t=0

(z− cosθp)

zt+1
〈eiθp(s−1+s−3+···+s(1−2t))ρθp (B

−2tω)〉
]
. (41)

To be meaningful, the power series above must converge strongly in the Banach space of
bounded linear operators from the space of ensembles into itself. The resulting expressions
will be evaluated at the poles ofW(z). As we can see from equation (34), the series
converge when|z| > ‖QUQ‖. So if the poles ofW(z) lie in this region, the expressions
derived in this section can be used. This is the same condition as the one mentioned at the
end of the previous section.

The above equations, although complex, lead to a relatively simple form for the
asymptotic operators which are the aim of the theory.

3.5. The asymptotic evolution operator

We are now ready to follow the procedure described in section 3.3, and construct the
asymptotic operators6(z) and6t . From equation (21), we can see that the residuesWj of
theP -subspace resolvent are operators which act on ensemblesρ as follows

Wpρ(ω, r) = 1

N
eirθp 〈ρθp 〉. (42)

There is one residue for eachzp = cosθp with |zp| > λ.
We now use equation (31) to construct6(z). The orthogonality of Fourier components

leads to a great simplification, and we find that6(z) can be written as

6(z)ρ(ω, r) = 1

N

∑
| cosθp |>λ

eirθphθp (ω)
1

z− cosθp
〈gθpρθp 〉 (43)

where the sum is over all values ofp such that| cosθp| > λ, andgθ andhθ are defined by

gθ (ω) = lim
m→∞(cosθ)−meiθ(s1+s3+···+s(2m−1)). (44)

and

hθ(ω) = lim
m→∞(cosθ)−meiθ(s−1+s−3+···+s(1−2m)). (45)

The inverse transform (equation (32)) gives us the time-dependent operator

6tρ(ω, r) = 1

N

∑
| cosθp |>λ

eirθphθp (ω) cost θp〈gθpρθp 〉. (46)

Thus for finite N , the long-time behaviour of ensembles is described by a sum of
independent, exponentially decaying modes.

The meaning of the limits in equations (44) and (45) will be clarified in section 4. The
distributionhθ is an element of the spaceSθµ, andgθ is an element of the dual toSθµ; that
is, a linear functional acting on this space. The limits are defined in the topologies of these
spaces.
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4. The space of allowed ensembles

In this section, we define the set of ensemblesρ(ω, r) for which the subdynamics theory
can be rigorously justified. The set is restricted by a smoothness condition, but as well
as functions, it contains elements which are not functions, but must be considered as
distributions (linear functionals on a dual space). The definition of this function space
will allow us to give answers to two questions.

The first is a technical question. In section 3, we made two assumptions which have
not yet been justified. The first assumption was that the evolution operatorU is bounded,
so that the power-series expansion (20) of the resolvent is correct for large enoughz. The
second assumption was thatQUQ is bounded, and that its bound is small enough so that
some singularities ofPR(z)P lie in the region|z| > ‖QUQ‖. In this section, we shall
show that these conditions are satisfied when the operators act on ensembles in a certain
space.

The second question is concerned with physical interpretation. The DRW is deterministic
and reversible in the same way as the Hamiltonian systems of classical physics. There is
no ‘arrow of time’ in the model. However, we have in6t an exact asymptotic description
of the evolution of ensembles which shows a decay towards equilibrium in the future, but
not in the past. There is an apparent contradiction here. However, this is resolved by
the fact that the set of ensembles for which the asymptotic description is valid is not time
symmetric. The distinction between past and future enters the theory in this way.

The approach taken in this section is similar to the one used in an earlier paper (Evans
and Coveney 1995) to analyse the ‘pastry-cook’ system. There, we separated ensembles into
‘even’ and ‘odd’ partsφ+ andφ−, which evolve independently. Here we make use of the
fact that in the DRW, the Fourier componentsρθ (ω) of an ensemble evolve independently.
We therefore consider each Fourier component separately in our definition of the space of
allowed ensembles.

One basic idea underlies the mathematics of this section. Since the shifting of the
variableω is central to the dynamics of our model system, we should find exponential
decay of correlations with time if the dependence of ensemble functions on the elements
ωi decays exponentially with|i|. When ω is translated into coordinatesx and y, such
functions become Lipschitz continuous in the(x, y) plane. The definition of the functional
Kθ
µ in equation (51) is motivated by this idea. It will therefore come as no surprise when,

in section 4.4, we find that Lipschitz continuous functions are part of the function space.

4.1. Definition of the function space

The Fourier transform of an ensembleρ(ω, r) is defined by equation (7). Since Fourier
components evolve independently, we can define an operatorUθ for each value ofθ , which
carries a Fourier component forward in time by one unit. If the Fourier component of an
ensemble for angleθ at timet is ρθ (ω), then the same component at timet +1 isUθρθ (ω).
The family of operatorsUθ is defined by

Uθf (ω) = eis−1(ω)θf (B−2ω) (47)

wheref (ω) is a function of position in the unit square.
The action of the projection operatorsP andQ on a Fourier componentρθ is independent

of θ :

Pf (ω) = 〈f 〉 (48)
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where〈f 〉 denotes the constant function multiplied by the mean off over the unit square,
and

Qf (ω) = f (ω)− 〈f 〉. (49)

We now define a functional acting on functionsf (ω), which will be used to create a
norm for our vector space of ensembles. To avoid cluttered equations, we use the notation

sup
ω,δω|n

|δ[A(ω)]| ≡ sup
ω,ω′:ωi=ω′i (i6n)

|A(ω)− A(ω′)|. (50)

In this equation, the supremum is over all pairs of bi-infinite strings of symbolsω,ω′ which
agree on symbolsωi with i 6 0.

Let

Kθ
µ[f ] = sup

k∈Z
µ−kδθk [f ] (51)

whereZ denotes the set of integers,µ is a real number in the range 0< µ < 1 and

δθk [f ] = sup
ω,δω|0

|δ[Uk
θ f (ω)]|. (52)

The functionalδθk [f ] states how much the functionUk
θ f (ω) depends on symbolsωi to the

right of the zeroth inω.
Another way of writing this equation is, fork < 0,

δθk [f ] = sup
ω,δω|2k

|δ[e−iθ(s−1(ω)+s−3(ω)+···s(1+2k)(ω))f (ω)]|. (53)

For k > 0, we have

δθk [f ] = sup
ω,δω|2k

|δ[eiθ(s1(ω)+s3(ω)+···s(2k−1)(ω))f (ω)]|. (54)

In the latter case, since the differenceδω involves only symbolsωi to the right ofi = k,
this simplifies to

δθk [f ] = sup
ω,δω|2k

|δf (ω)|. (55)

As we saw in section 2.1, the variableω = . . . ω−1ω0ω1 . . . is the binary expansion of
they andx coordinates, withω1ω2ω3 . . . being the expansion ofx. Fork > 0 the functional
δθk [f ] measures how much the functionf depends on the digits to the right of the 2kth in
this expansion ofx. For a smooth function, we expect this dependence to decay towards
zero ask becomes large. The functionalKθ

µ[f ] is only finite if this decay is faster thanµk.
Therefore the condition

Kθ
µ[f ] <∞ (56)

is a smoothness condition on thex-dependence off (ω).
The crucial property ofKθ

µ, which makes it possible to justify the construction of the
subdynamics operators, is contained in the following equation:

Kθ
µ[Uθf ] = µKθ

µ[f ]. (57)

This is a consequence of the equation

δθk [Uθf ] = δθk+1[f ] (58)

which follows from the definition ofδθk (55). We also note that the functionalKθ
µ is

sublinear. That is,

Kθ
µ[a + b] 6 Kθ

µ[a] +Kθ
µ[b]. (59)
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We now define a vector spaceT θµ , whose completionSθµ will form part of the Banach
space of ensemble densities used in the theory.

T θµ =
{
f (ω) : Kθ

µ[Qf ] <∞, |〈f 〉| <∞
andf (ω) independent ofωi for i < p(f )

}
. (60)

The setT θµ contains functions which satisfy the smoothness condition (56), which have a
finite mean, and which are independent of all digitsωi to the left of some pointp in the
sequenceω. The pointp is not fixed, but may depend on the functionf . At this stage,µ
is still a free parameter, whose value we can choose in the range 0< µ < 1.

The functional

‖f ‖θ = |〈f 〉| +Kθ
µ[Qf ] (61)

is a norm on the spaceT θµ . The proof of this fact is very similar to the proof of the theorem
in appendix 1 of Evans and Coveney (1995), so we omit it here. The normed space thus
defined is not complete, so we define the spaceSθµ to be the completion ofT θµ under the
norm ‖ · ‖θ (that is, the space of equivalence classes of Cauchy sequences inT θµ ).

The space of ensembles for the DRW is defined in terms of the familySθµ of Banach
spaces. For a fixed value ofN , an ensembleρ(ω, r) is in the spaceSNµ of allowed ensembles
when, for every integerj between 1 andN ,

ρθj (ω) ∈ Sθjµ (62)

whereas in section 2.2,θj = 2πj/N . In other words,SNµ is the space of ensemblesρ(ω, r)
for which each Fourier component is in the appropriate space. The norm for this space is
simply the mean of the norms of all the Fourier components:

‖ρ(ω, r)‖ = 1

N

N∑
j=1

‖ρθj ‖θj . (63)

4.2. Bounds onU andQUQ

In this section, we derive bound on the operatorsU andQUQ. These two bounds are the
conditions needed to justify the steps in the application of the subdynamics formalism in
section 3.

The bound onU is also necessary for another reason. If an operator is bounded and
linear on a normed space such asT θµ , it can be extended uniquely to the completed space
Sθµ by the so-called BLT theorem (see, for example, Reed and Simon (1972), theorem I.7).
It is clear from the definition of the norm thatP andQ are bounded, and can therefore
be extended in this way. Since the functionalKθ

µ is sublinear and continuous with respect
to the norm‖ · ‖θ , it can be similarly extended to a continuous functional which satisfies
equation (57) for anyf in the completed space. We may therefore refer to the extension
of these operators toSθµ by the same symbols as the original operators, without the risk of
confusion. However, it is necessary to prove thatU is bounded before the same can be said
of the extension ofU .

We first give two lemmas which will be useful in deriving the bounds onU andQUQ.
Both lemmas are proved in the appendix.

Lemma 4.1.For any constant functionA,

Kθ
µ[A] 6 2µ|A|. (64)
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Lemma 4.2.For any functiong(ω) for which 〈g〉 = 0,

|〈Uθg〉| 6 1
2| sinθ |Kθ

µ[g]. (65)

We now prove thatUθ is bounded.

Theorem 4.1.For anyf in the spaceT θµ ,

‖Uθf ‖ 6 5‖f ‖. (66)

To prove this result, we note that according to the definition of the norm, equation (61),

‖Uθf ‖ = |〈Uθf 〉| +Kθ
µ[QUθf ]. (67)

We first deal with the second term.

Kθ
µ[QUθf ] 6 Kθ

µ[Uθf ] +Kθ
µ[PUθf ]

= µKθ
µ[f ] +Kθ

µ[〈Uθf 〉]
6 µKθ

µ[Qf ] + µKθ
µ[Pf ] +Kθ

µ[〈Uθf 〉]
6 µKθ

µ[Qf ] + 2µ2|〈f 〉| + 2µ|〈Uθf 〉| (68)

where the last inequality follows from lemma 4.1. The norm ofUθf therefore has the
following bound:

‖Uθf ‖ 6 |〈Uθf 〉|(1+ 2µ)+ 2µ2|〈f 〉| + µKθ
µ[Qf ]. (69)

A bound on the first term on the right-hand side of this inequality is given by

|〈Uθf 〉| 6 |〈UθPf 〉| + |〈UθQf 〉|
6 |〈f 〉| + 1

2| sinθ |Kθ
µ[Qf ] (70)

where the first term follows from the definition ofUθ and the second from lemma 4.2. We
therefore have

‖Uθf ‖ 6 (1+ 2µ+ 2µ2)|〈f 〉| + (µ+ 1
2(1+ 2µ)| sinθ |)Kθ

µ[Qf ]

6 5‖f ‖ (71)

since bothµ and sinθ have magnitude less than 1. HenceUθ is bounded.

Theorem 4.2.For anyf (ω) in the spaceSθµ,

‖QUθQf ‖ 6 2µ‖f ‖. (72)

From the definition of the norm (61), and equation (57), we have

‖QUθQf ‖θ = Kθ
µ[QUθQf ]

6 Kθ
µ[UθQf ] +Kθ

µ[PUθQf ]

6 µKθ
µ[Qf ] + 2µ|〈UθQf 〉| (73)

where the last equality holds because for any functiong, Pg is a constant function to which
lemma 4.1 applies.

We now use lemma 4.2, which applies to the second term in equation (73) since
〈Qf 〉 = 0. We obtain

‖QUθQf ‖θ 6 µ(1+ sinθ)Kθ
µ[Qf ]

6 2µKθ
µ[Qf ]

6 2µ‖f ‖θ (74)

and this completes the proof.
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Since the norm for ensemblesρ(ω, r) is defined simply as a sum of norms of Fourier
components (equation (63)), the corresponding properties of the operatorsU andQUQ in
the spaceSµ follow immediately:

‖U‖ < 5 (75)

and

‖QUQρ‖ 6 2µ‖ρ‖. (76)

Hence, in terms of the natural operator norm derived from‖ · ‖, we have

‖QUQ‖ 6 2µ. (77)

This is the most important property of the function space which we have defined. As we
show in the next section, it implies the convergence of the subdynamics approximation to
the true behaviour at long times. It also implies the convergence of the power series used
to constructC(z) andD(z) in section 3.4.

4.3. Convergence of the asymptotic operator

Since the operatorsC(z), D(z) andS(z) share the denominatorz −QUQ, equation (77)
implies that all these operators are holomorphic in the region|z| > 2µ. So by choosing
the parameterµ so that 2µ < λ, we can guarantee thatC(z), D(z) and S(z) are all
holomorphic for|z| > λ. This both justifies the extension ofW(z) to obtain6(z), and
shows that the resulting6(z) gives a correct description of the long-time behaviour, as we
now demonstrate.

From equation (29), we can see that the fact thatC(z), D(z) andS(z) are holomorphic
for |z| > 2µ also implies that the only singularities inR(z) apart from those in6(z) are in
the disk|z| 6 2µ. We can therefore write

R(z) = 6(z)+ 6̂(z) (78)

where 6̂(z) is holomorphic in the region|z| > 2µ. Inverting the z-transform, as in
equation (32), then gives

Ut = 6t + 6̂t (79)

where6̂t is exponentially bounded as an operator onSNµ :

‖6̂t‖ 6 B(2µ)t (80)

whereB is a constant. We can therefore write equation (33) in a stronger form which shows
how rapidly the long-time behaviour of ensembles converges to the approximation given by
6t . This provides the central theorem of the paper.

Theorem 4.3.For any elementρ in the spaceSNµ , the subdynamics approximation6tρ to
the long-time behaviour ofρ converges exponentially to the true behaviour: that is,

‖Utρ −6tρ‖ 6 C(2µ)t (81)

whereC is a constant which depends upon the functionρ.
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4.4. Functions contained in the space of allowed ensembles

We have established the validity of the subdynamics analysis for the set of ensemblesSNµ ,
but it is not yet whether this set contains enough ensembles to be useful. In this section,
we describe a class of functions which is a subset ofSNµ . These are the functions which
obey a certain smoothness condition on theirx andy dependence in the unit square.

Theorem 4.4.Suppose thatm is a non-negative integer, and that, when written as a function
of x andy, f (ω) is Lipschitz continuous with exponentα on each of the squares of side
2−m into which the unit square can be divided; that is, there is a constantK such that

|f (x, y)− f (x ′, y ′)| 6 K(|x − x ′| + |y − y ′|)α (82)

when the firstm binary digits ofx andx ′ and ofy andy ′ are the same. Then if

µ22α > 1 (83)

f is in Sθµ for everyθ in the range 06 θ < 2π .

We omit the proof of this theorem, which is almost identical to the proof of theorem 5.4
of Evans and Coveney (1995). It is easy to see that, since the spaceSNµ is defined in terms
of the function spacesSθµ, functionsρ(ω, r) which obey the smoothness condition of the
above theorem for every value ofr are in SNµ . This provides a large class of ensemble
functions which is a subset ofSNµ , and hence for which theorem 4.3 is valid.

To make the theory which we have constructed work, we must choose 2µ < λ, where
λ is the cut-off radius for the singularities of6(z), introduced in section 3.1. From
equation (83), we then have

α >
1

2

(
1− logλ

log 2

)
. (84)

For example, if we chooseλ = 1/
√

2, thenα > 3
4. It is important that the value ofα is not

greater than 1, because forα > 1 the condition of Lipschitz continuity is very restrictive:
it allows only piecewise constant functions. Rearranging equation (84) yields

λ > 21−2α. (85)

Hence for the theory to apply to functions which are not piecewise constant, we need

λ > 1
2. (86)

4.5. When does the theory fail?

Are there any circumstances where the theory fails for the DRW? In an earlier paper
(Evans and Coveney 1995), we saw that for a different model system, the pastry-cook’s
transformation, the theory fails whenq 6 3, whereq is a parameter describing the model.
In the DRW, the only parameter isN , the number of cells.

The theory will fail unless we can choose a value ofλ which includes at least one
decaying mode in the operator6(z). We therefore need to find exponentially decaying
modes which have eigenvalueszn satisfying

|zn| > 1
2. (87)

The eigenvalues of the exponentially decaying modes are the singularities of the operator
PR(z)P . From equation (21), we can see that these are

zn = cos
2πn

N
(88)
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for n = 1, 2, . . . , N , whereN is the number of cells. For large values ofN , there are
eigenvalues distributed throughout the interval−1 < zn < 1, including many satisfying
(87).

For smaller values ofN , there are fewer eigenvalues. In fact, forN = 1, 2, 3, 4 and
N = 6, there are no eigenvalues satisfying (87). In these cases the theory fails. The
root of this problem is the fact that for these small values ofN , diffusive behaviour does
not dominate at long times. Our choice of projection operatorP is therefore incorrect for
these cases, and hence the theory cannot work. A different choice ofP , including some
information about the distribution of an ensemble in the(x, y) coordinates, might give
correct results. For all other values ofN > 1, the theory works as it stands.

If we had used only one baker transformation, rather than two successive
transformations, when the DRW was defined in section 2.1, the result would have been
rather different. Because non-uniformities in the(x, y) distribution decay more slowly
in this case, it is not possible to isolate diffusive modes which dominate the long-time
behaviour, for any value ofN . In place of equation (86), we obtainλ > 1, so that there is
no way to find an exponentially decaying mode with an eigenvaluezi > λ. When only one
Baker transformation is used, the theory works only when the set of allowed ensembles is
so restrictive that it includes only piecewise constant functions.

5. The thermodynamic limit

So far, we have been working with the version of the DRW which has a finite value ofN , so
that correlation functions decay exponentially with time. Using the subdynamics formalism,
we have constructed operators which give an exact description of the long-time behaviour
of ensembles as a superposition of a finite set of exponentially decaying modes. However,
our results are expressed in a form which makes taking the limitN →∞ simple. In this
limit, the inverse Fourier transform, which is a sum for finiteN (equation (8)) becomes an
integral (equation (9)). This is essentially the only change. Thus equation (46), which gives
the action of the asymptotic operator6t for finite N , becomes in the limitN →∞

6tρ(ω, r) =
∫
| cosθ |>λ

dθ eirθhθ (ω) cost θ〈gθρθ 〉. (89)

As the sum over a finite number of exponentially decaying modes becomes an integral
over an infinite number of modes, the long-time behaviour of correlation functions no longer
needs to be exponential. It is clear that correlations of pure Fourier components will decay
exponentially, but these are exceptional (and represent non-normalizable ensembles).

5.1. Two examples of non-exponential decay

We define a correlation function as the matrix element

gφψ(t) =
∑
r

〈φ(ω, r)Utψ(ω, r)〉. (90)

The physical interpretation is that if we prepare an ensembleψ(ω, r) at time zero, then the
expectation value of the phase-space variableφ(ω, r) at time t is gφψ(t).

Equation (89) gives an expression for the long-time limit6φψ(t) of such correlation
functions:

gφψ(t)−→
t→∞6φψ(t)
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= 1

2π

∫
| cosθ |>λ

dθ cost θ〈φ∗θ hθ 〉〈gθψθ 〉 (91)

whereφθ(ω) andψθ(ω) are the Fourier transforms of the functionsφ(ω, r) andψ(ω, r)
(equation (7)).

The simplest example of non-exponential decay is the autocorrelationgδδ(t) of the delta
function

δ(r) =
{

1 if r = 0

0 otherwise.
(92)

The Fourier transform of this function is just a constant:

δθ (ω) = 1. (93)

Evaluating the integrals represented by angled brackets〈· · ·〉 in equation (91) is simple.
Using the definition ofgθ (equation (45)), we obtain

〈gθδθ 〉 = 〈gθ 〉
= lim

m→∞(cosθ)−m〈eiθ(s1+s3+···+s(2m−1))〉
= 1 (94)

since〈eiθsi 〉 = cosθ . A similar calculation shows that〈δ∗θ hθ 〉 = 1. The expression for the
long-time limit of correlation functions (91) becomes simply

6δδ(t) = 1

2π

∫
| cosθ |>λ

dθ eirθ cost θ. (95)

The limiting behaviour of this integral for larget is easy to obtain using a saddle-point
technique. The two saddle points are atθ = 0 andθ = π . These points are included in
the domain of integration whatever value ofλ we choose in the range 0< λ < 1, so the
asymptotic behaviour is independent ofλ, as one might expect. The result is

gδδ(t)−→
t→∞

1

(2πt)1/2
(1+ (−1)t ). (96)

A less trivial example is provided by the autocorrelation of the function

φ(ω, r) = 3δ(r)x2. (97)

We can write thex-coordinate in the unit square in terms ofω, since the digits ofω contain
the binary expansion ofx:

x =
∞∑
j=1

ωj2
−j . (98)

Hence, by writing the Fourier transform ofφ as

φθ(ω) = 3
∞∑

j,k=1

2−(j+k)ωjωk (99)

we can evaluate the two integrals in equation (91):

〈gθφθ 〉 = 3+ e2iθ

(1+ e2iθ )2
(100)

and

〈φ∗θ fθ 〉 = 1. (101)



On the long-time behaviour of ensembles 5907

The asymptotic expression for the autocorrelation functiongφφ(t) is therefore

6φφ(t) = 1

4π

∫
| cosθ |<λ

dθ cost θ

(
5+ 6 cos 4θ + 5 cos 2θ

3+ cos 4θ + 4 cos 2θ

)
. (102)

By comparing this expression with the autocorrelation of theδ-function (equation (95)),
we can see how the distribution over the unit square influences an ensemble’s long-time
behaviour. For the two functionsδ andφ which we have considered, the autocorrelation
functions behave differently. However, using the saddle-point technique to evaluate the
integral in equation (102) one can show that in the long-time limit,6φφ(t) converges to the
same asymptotic form as6δδ(t) (equation (96)).

6. Conclusion

Since each individual mode in subdynamics decays exponentially, it is not obvious how
the theory can be used to analyse systems where correlations decay non-exponentially with
time. In this paper we have shown how non-exponential decay arises from the superposition
of a continuous range of exponentially decaying modes.

The treatment of the ‘thermodynamic’ limitN → ∞ given here has not been
mathematically rigorous. This is an example of a general problem. As far as we are
aware all attempts to treat systems where the evolution operator has a continuous spectrum
using the subdynamics formalism have, as here, taken the approach of starting with a
system having a discrete spectrum, and then assuming that the results remain valid in the
continuum limit (Petrosky and Hasegawa 1989). This is also true of many other treatments
of non-exponential decay in non-equilibrium statistical physics (e.g. Reichl (1980)).

In the case of finiteN , we have derived a consistent and exact description of the
long-time evolution of ensembles, which includes the irreversible approach to equilibrium.
This description is valid for a certain space of non-equilibrium ensembles, and the norm
of this space provides the definition of convergence at long times. The choice of this
set of ensembles is a crucial part of the theory. The model itself is invertible and time
symmetric, and the time asymmetry which ensures an approach to equilibrium is supplied
by the ensembles.

The general principle behind the Brussels formalism is that the ‘kinetic’ properties
of a system, which are the macroscopic features accessible to observation, emerge as the
dominant long-time behaviour of an exact description. Thus, the kinetic equation that
we have derived is not an approximation, but a limiting description to which the system
converges when left to itself for long times. If this approach could be carried out with
mathematical rigour for more realistic systems, it would offer an attractive alternative to the
work of Lanford (1975) and Spohn (1980, 1991), where kinetic equations are derived in a
limiting case and are valid only for short times.

One lesson that we have learnt from our studies of discrete-time dynamics, and which
can be applied to more complex systems, is that it is easy to be led astray by the mathematical
apparatus of the Brussels formalism. The formalism can easily produce incorrect results
if the definition of the reduced description does not reflect the long-time dynamics of the
system. A mathematical framework for the theory ensures the correctness of the results if
it is introduced carefully, but it is important to make sure that the framework includes the
functions which we wish to use as ensembles. Otherwise, as in the cases of the pastry-
cook’s transformation for low values ofq (Evans and Coveney 1995), and the DRW for
low values ofN , we produce a mathematically correct theory which is physically empty.
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The system which we have analysed provides a simple illustration of the way
macroscopic diffusion arises from chaotic processes at the microscopic level. This
phenomenon is ubiquitous in physics, and we hope that our results give an insight into
the statistical mechanics of diffusion processes in general.
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Appendix. Proof of lemmas 4.1 and 4.2

Proof of lemma 4.1.For k > 0, sinceδθk = δ+k , we have

δ−k [A] = 0. (103)

But for k < 0,

δ−k [A] 6 2|A|. (104)

Hence

K−µ [A] 6 sup
k<0

µ−k2|A| = 2µ|A|. (105)

This completes the proof. �

Proof of lemma 4.2.Let

a = 〈(1− ω1)g〉 (106)

and

b = 〈ω1g〉. (107)

Since〈g〉 = 0,

a + b = 0. (108)

Now let ω, ω + δω be sequences which differ only in the value of bit number 1. By
the definition ofKθ

µ (equation (51)),

|g(ω + δω)− g(ω)| 6 Kθ
µ[g]. (109)

Multiplying by ω1 and integrating, we find

〈ω1|g(ω + δω)− g(ω)|〉 6 1
2K

θ
µ[g] (110)

and hence

|〈ω1g(ω + δω)〉 − 〈ω1g(ω)〉| 6 1
2K

θ
µ[g]. (111)

But

〈ω1g(ω + δω)〉 = 〈(1− ω1)g(ω)〉 (112)

so we have

|b − a| 6 1
2K

θ
µ[g]. (113)
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Finally,

〈Uθg〉 = 〈eis(ω1)θg〉
= eiθa + e−iθb

= (a + b) cosθ + i(a − b) sinθ. (114)

So, using equations (108) and (113), we obtain

|〈Uθg〉| 6 1
2K

θ
µ[g]| sinθ |. (115)

This completes the proof. �
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